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Abstract. The use of an earthquake input energy concept and types of internal energy
in structures has been less considered for near-fault pulse-like earthquakes. This paper
calculates the applied ratios of energy types in the E-SDOF and MDOF systems and
identi�es the relationship between them. For this purpose, �ve steel frames (4, 10, 15,
20, and 30 story steel MRFs with 3-span) were designed, and the E-SDOF structure was
obtained equivalent to the �rst mode, using the Modal Pushover Analysis (MPA) method.
All models were analyzed under 10 near-fault pulse-like earthquake records using nonlinear
time history analysis. The results show that the Total Dissipated Energy (TDE) of the
structure depends on its nonlinear degree and period. The TDE of the MDOF and E-
SDOF systems is equal for long periods, and its size is independent of the design resistance
(R) and the degree of nonlinearity. However, during short periods, this ratio is close to
the e�ective modal mass coe�cient corresponding to the �rst mode. The story normalized
hysteretic energy ratio is also a function of the height, nonlinear degree; and period of the
structure. In addition, the e�ect of higher modes a�ects the distribution of this ratio in
tall structures.

© 2021 Sharif University of Technology. All rights reserved.

1. Introduction

Throughout the past few decades, energy-based meth-
ods have been devised in earthquake engineering, and
are currently applied in design optimization [1]. Some
researchers proposed the application of energy methods
for the seismic design [2,3], as well as for designing the
moment frames [4,5]. Nevertheless, the most prominent
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study that established the concepts of the input and
output energies as measures of structural damage was
conducted by Uang and Bertero [2]. Their study
indicated the importance of absolute input energy and
considerable increase of energy in the input energy
time history. Thereafter, numerous studies have been
carried out to accurately estimate the energy demands
and energy dissipation mechanisms in structures.

The energy-based design approach is based on
the argument that the energy dissipation capacity of
structural elements can be calculated using the energy
demand estimated under the e�ect of an earthquake.
Goel et al. proposed a Performance-Based-Plastic
Design (PBPD) method with the energy factor of
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elastic-plastic SDOF systems quantifying the seismic
demand [6]. The e�ectiveness of this method has
been examined by applying the procedure in steel
moment resisting frames [7], steel frames with buckling
restrained braces [8], braced truss moment frames
[9,10], and steel frames with steel shear walls [11].

It was also observed that the energy factor rep-
resents as a reliable demand index for quanti�cation
of peak response demand of an innovative system
(i.e. damage-control structures with energy dissipation
fuses) [12,13,14].

Near-faults ground motion is substantially inu-
enced by faulting mechanisms, strike, and rupture
directivity depending on the site (e.g. forward directiv-
ity) and the permanent static deformation at the fault,
which is known as the Fling Step. Hence, because of
the near-fault earthquake parameters, the signi�cant
energy of rupture manifests as a long period pulse-
type excitation. Such a pulse-type ground motion is
often observed at the beginning of the acceleration time
history and tends to increase the acceleration response
spectrum over long periods. In this case, a considerable
amount of the earthquake energy dissipates with slight
long-amplitude pulses, and signi�cant demands are
imposed on the structure. Thus, the risk of brittle frac-
ture grows in structural elements of poor construction
details. The e�ects of this phenomenon were observed
during the Arzakan (1992), Landers (1992), Northridge
(1994), Great Hanshin (1995), Kocaali (1999), and Chi-
Chi (Taiwan) earthquakes.

The ease of using spectra is a key and useful
tool for design engineers. Therefore, the preparation
of the relative input energy spectrum causes the use
of energy criteria in the seismic design of structures
to be accompanied by higher success by structural
designers. Du et al. presented a compatible energy
demand estimate, based on the input energy spectra
and the hysteretic-to-input energy ratio design spectra
consistent with code, to make the hysteretic energy
demand estimate in the energy-based seismic design
approach consistent with current seismic design [15].
Yang et al. adopted a design method, named the
equivalent energy design procedure, to design the EBF
systems. The introduced method is an alternative
design procedure for fused structural systems, where
engineers can design the structure to achieve the in-
tended performance objectives at di�erent earthquake
hazard levels. Unlike conventional force-based design
methodologies, the newly developed algorithm does not
require the assumption of response modi�cation factors
or the fundamental period of a structure in the design
procedure [16]. Regarding improvement in the seismic
performance of high-speed railway bridges, Guo et al.
adopted the friction pendulum bearing. They present
an improved energy-based design procedure, which
considers multiple performance objectives, and takes

the post-yield sti�ness into account. Besides, they ver-
i�ed the improved method by numerical examples [17].
Oh et al. veri�ed the acceleration response spectrum
according to structural characteristics by numerical
analysis and compared it to the stability of the energy
response spectrum. They showed that the energy
response spectrum is appropriate for the design of a
vibration control structure in which the distributions
of the sti�ness and strength change rapidly, including
seismic structures [18]. Zhou et al. proposed an ap-
proach to predict the hysteretic energy demand for self-
centering single-degree-of freedom systems [19]. Also,
Zhou et al. illustrate that although ground motion
types have little inuence on the EH/EI spectra, both
structural features, including energy ratio, damping
ratio, and ductility factor, and the initial period of
systems, play a signi�cant role in the determination of
the EH/EI spectra [20]. Sen and Gupta estimated the
seismic damage in frame-type multi-degree-of-freedom
systems using the results of linear response instead
of nonlinear response. The proposed methodology is
based on the assumption that seismic damage in a
system can be estimated by computing the damage
index in each of the equivalent oscillators corresponding
to the modes of linear vibration and by combining those
damage indices through a combination rule. It has
also been assumed that the hysteretic properties of the
equivalent oscillators can be estimated from the nonlin-
earity characteristics of the beam and column sections
of the frame. An estimation of the damage index in
each of the equivalent oscillators has been carried out
using the linear displacement peaks exceeding the yield
level, together with the models for ductility demand
ratio and normalized hysteretic energy demand. Yang
et al. presents an equivalent energy design procedure
for the seismic design of fused structures. They showed
that the procedure can have a controlled degree of
damage at the designated elements [21]. Vahdani et
al. showed that changes of � and � do not have a
signi�cant e�ect on the overall shape of the spectrum
and its values in the �eld of inelastic behavior and in
a wide range of periods, except near the peak of the
spectra. But, in the area of inelastic behavior, the e�ect
is greater. For engineering purposes, it can be said
that the input energy per unit mass of the structure is
almost independent of the damping ratio and ductility
of the structure, and is a function of the periodicity of
the structure [22].

Benio� (1955) presented a report of the most
important properties of near-fault earthquakes using
the intensity patterns generated during the Kern
County earthquake [23]. Later on, Mahin et al. [24]
and Bertero et al. [25] studied the structural damage
caused by the pulse-type nature of the near-fault San
Fernando earthquake (1971). Hall et al. indicated that
the displacement caused by the pulses of near-fault
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earthquakes imposes considerable seismic demand on
structures [26]. Krawinkler et al. assessed a steel
moment-resisting frame under the e�ect of a near-fault
earthquake and stated that the structural response to
the persistence of the acceleration pulse, which matches
the fundamental period, is critical [27].

On the other hand, many researchers have inves-
tigated the e�ects of this pulse-type ground motion
on the linear and nonlinear behavior of SDOF sys-
tems [28].

Based on the aforementioned literature review,
less attention has been paid to the e�ect of near-fault
earthquakes with pulse-type velocity and acceleration
time history on the energy content (imposed and
dissipated energy). Further, quanti�cation of energy
demand, both for SDOF and MDOF systems, under
pulse-type motions is another shortcoming of previous
studies. It seems that the relationship between the
energy demand of SDOF and MDOF systems can be
the basis of a new method in seismic design. Thus,
this study focuses on calculating di�erent types of
energy, including the energy dissipated due to cyclic
behavior, damping energy, and elastic strain energy.
Also, the total dissipated energy, which almost equals
the input energy at the end of the ground motion, is
another energy demand investigated in this study. The
calculations were carried out for SDOF and MDOF
structures. Then, in order to explain the e�ects of the
MDOF system on energy demand, the MDOF energy
demand ratio was divided by the SDOF energy demand
ratio. According to these ratios, a simple process can
be established for calculating the maximum energy of
an MDOF system using SDOF energy. To this end,
�ve 2D steel moment frames with heights of 4, 10,
15, 20, and 30 stories have been designed according
to the Iran seismic design code. The aforementioned
energy demands and the dissipated energy at the
stories of the structural models have been determined
via nonlinear dynamic analysis under 10 pulse-type
earthquake ground motions. Then, the results have
been investigated both for MDOF and corresponding
SDOF systems.

2. Basic formulation of the SDOF system
input energy

For a SDOF system with known dynamic characteris-
tics subjected to earthquake acceleration time history,
integrating the equation of motion with respect to a
displacement (u) yields the absolute energy as follows:

EK + E& + (ES + EH) = EAI : (1)

Eq. (1) includes di�erent types of energy components:

EK = m
( _u+ _ug)

2

2
; (2)

E& =
Z

(c _u)du; (3)

ES + EH =
Z
f(u)du; (4)

EAI =
Z
m(�ug + �u) _ugdt: (5)

In this equation, EAI , EK , E�, Es, and EH are the
absolute input energy, absolute kinetic energy, damping
energy, elastic strain energy, and plastic strain energy
(i.e. non-renewable hysteretic energy or HE), respec-
tively. Meanwhile, the relative energy of the SDOF
system could be rewritten as follows:
EKR + E& + (ES + EH) = ERI ; (6)

where, ERI and EKR denote relative input energy and
relative kinetic energy, respectively.

EKR = m
_u2

2
; (7)

EAI = �
Z
m�ug _udt: (8)

EAI represents work done on the structure by
the inertia force (m�ut) which is equivalent to the
work exerted by the total base shear force under the
ground motions. The work done by the �xed-base
structure under equivalent lateral load is denoted by
ERI . It is apparent that this energy does not include
the rigid body motion e�ect. Since in Eqs. (1) and (6),
the damping energy, elastic strain energy, and plastic
strain energy are the same, the di�erence between
the absolute and relative kinetic energies yields the
distinction between these two energies.

EAI � ERI = EK � EKR =
1
2
m _u2

g +m _ug _u: (9)

The �rst and second terms on the right side of
Eq. (9) indicate the kinetic energy under the e�ect
of ground velocity and the work done by the ground
acceleration with respect to the gradual rise in struc-
tural displacement, respectively. It could initially be
argued that the absolute and relative energy inputs of
the extremely rigid and extremely soft structures are
di�erent. In exible (soft) structures, where the natu-
ral period of vibration is larger than the predominant
period of the ground motion, the mass of structure
remains in its initial position, while the foundation
of the structure experiences a movement equal to
the ground motion, simultaneously. In this case, the
absolute input energy acting on the structure is zero,
while there is a considerable relative energy exerted
onto the structure. On the contrary, the relative
mass displacement with respect to the ground is trivial
in rigid structures. As a result, the relative input
earthquake energy is almost zero and a considerable
absolute energy acts on the structure.
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3. Materials and methods

3.1. Description of frames
In this study, 4-, 10-, 15-, 20-, and 30-story 2D steel
Moment Resistance Frames (MRFs) with three bays
are considered. Each frame is de�ned as FRNiB3,
where i denotes the number of stories. These frames
are orthogonal and regular with story heights and bay
widths equal to 4 m and 5 m, respectively. Gravity and
seismic loads are applied models in accordance with the
Iranian National Building Code-Part 6 [29]. Gravity
load consists of dead load, equivalent partitioning load,
and live load on the beams of the frames of this
study, which are equal to 1.75, 1, and 1.25 kN/m,
respectively. In the seismic loading phase, the dead

load and partitioning load plus 20% of the live load
were used to calculate the story seismic mass. The
DBE is expressed by the Iranian Code of Practice for
Seismic Resistant Design of Buildings - 4th edition (also
known as Standard 2800) [30] design spectrum for peak
ground acceleration equal to 0.35 g, behavior factor R
equal to 7, importance factor I, and soil type III (same
as soil C in ASCE/SEI7-16 [31]). ST37 (nominal yield
strength equal to 240 MPa) steel grade was assumed
for the columns and beams. Plate girder sections and
box sections were assigned to the beams and columns,
respectively. Speci�cations of the beams and columns
of the sample frames are presented in Tables 1 to 3.

The equivalent static analysis and, in some cases,
the quasi-dynamic analysis and base shear matching

Table 1. Types of beams and columns used in models.

Story/oor FR4B3 FR10B3 FR15B3 FR20B3 FR30B3
Column Beam Column Beam Column Beam Column Beam Column Beam

1/2 C3 B3 C4 B6 C7 B6 C8 B6 C11 B7
2/3 C3 B3 C4 B6 C7 B6 C8 B6 C11 B7
3/4 C3 B2 C4 B6 C7 B6 C8 B6 C11 B7
4/5 C2 B1 C4 B6 C6 B6 C7 B6 C10 B7
5/6 C3 B6 C6 B6 C7 B6 C10 B7
6/7 C3 B5 C6 B6 C7 B6 C10 B7
7/8 C3 B5 C4 B6 C7 B6 C10 B7
8/9 C3 B4 C4 B6 C7 B6 C10 B7
9/10 C3 B4 C4 B5 C7 B6 C10 B7
10/11 C3 B4 C4 B5 C7 B6 C9 B7
11/12 C4 B5 C6 B6 C9 B7
12/13 C3 B5 C6 B6 C9 B7
13/14 C3 B5 C6 B6 C9 B7
14/15 C3 B5 C4 B6 C9 B7
15/16 C3 B5 C3 B5 C9 B7
16/17 C3 B5 C8 B7
17/18 C3 B5 C8 B7
18/19 C2 B4 C8 B7
19/20 C2 B4 C8 B7
20/21 C2 B4 C8 B7
21/22 C8 B7
22/23 C7 B7
23/24 C7 B6
24/25 C7 B6
25/26 C6 B6
26/27 C6 B6
27/28 C6 B6
28/29 C4 B5
29/30 C4 B5
30/31 C4 B5
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Table 2. Column section properties.

Section name Section
ID

Flange width
bf (mm)

Flange thickness
tf (mm)

Web height
hw (mm)

Web thickness
tw (mm)

BOX 200X15 C1 200 15 200 15
BOX 250X15 C2 250 15 250 15
BOX 300X25 C3 300 25 300 25
BOX 350X30 C4 350 25 350 25
BOX 350X30 C5 350 30 350 30
BOX 400X30 C6 400 30 400 30
BOX 450X30 C7 450 30 450 30
BOX 500X40 C8 500 40 500 40
BOX 550X40 C9 550 40 550 40
BOX 600X40 C10 600 40 600 40
BOX 650X40 C11 650 40 650 40

Table 3. Beam section properties.

Section name Section
ID

Flange width
bf (mm)

Flange thickness
tf (mm)

Web height
hw (mm)

Web thickness
tw (mm)

TW300F150TH15 B1 150 15 300 15
TW350F150TH15 B2 150 15 350 15
TW400F200TH15 B3 200 15 400 15
TW450F200TH15 B4 200 15 450 15
TW500F250TH15 B5 250 20 500 20
TW550F250TH20 B6 250 20 550 20
TW600F300TH20 B7 300 20 600 20
TW600F350TH20 B8 350 20 600 20

were carried out on the frames using ETAB2016 soft-
ware [32]. The frames were designed using the Load
and Resistance Factor Design (LRFD) method [33].
The ETABS2016 model assumes rigid full-strength
beam column connections, rigid full-strength column
bases, and a horizontal diaphragm constraint for the
nodes of each oor to account for the in-plane rigidity
of the composite slab. Besides of designing the frames
using the resistance factor, distribution of sti�ness
along the height was adjusted to limit the maximum
inter-story drift angle to the allowable levels speci�ed
in Standard 2800.

3.2. Models for nonlinear dynamic analysis
and near-fault ground motions

The OpenSEES software [34] can be used to develop
nonlinear models for the steel MRFs. Beams are
modeled as displacement-based �ber elements. Each
�ber was assumed to exhibit uniaxial bilinear elasto-
plastic stress-strain cyclic behavior. Panel zones were
considered rigid and elastic. Force-based �ber elements
were used to model the columns to accurately capture
moment-axial force interaction e�ects. Further, to ac-

count for the axial rigidity of the composite slab, a rigid
diaphragm constraint was imposed at the nodes of each
oor, while to capture the P �� e�ects of the gravity
loads acting in the tributary plan area of the steel
MRF, the Corotational Coordinate Transformation was
included in the models. To integrate the equations
of motion of the steel MRFs subjected to earthquake
ground motion, the Newmark method with constant
acceleration was used. To minimize the unbalanced
forces within each integration time step, the Newton
method with tangent sti�ness was employed, while an
automatic technique of decreasing the time step was
utilized to overcome convergence issues. The inherent
5% damping ratio at the �rst two modes of vibration
were modeled using a Rayleigh damping matrix that
excludes from its sti�ness proportional component all
the nonlinear springs with high initial sti�ness so that
large damping forces can be avoided. A nonlinear force-
controlled static analysis was �rst performed under the
gravity loads of the seismic design combination and
then nonlinear dynamic analysis was conducted.

Baker presented a general de�nition of the dis-
tinctive characteristics of near-fault earthquakes [35].
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Table 4. Records of 10 near-fault earthquakes with forward directivity e�ects.

Record no. Earthquake
name

Year Station name PGA (g) Mw R (km) TP (s)

1 Loma Prieta 1989 Gilroy - Gavilan Coll. 0.25 6.93 9.96 1.79
2 Northridge-01 1994 Newhall - Fire Sta 0.18 6.69 5.92 1.03
3 Northridge-01 1994 Newhall - W Pico Canyon Rd. 0.33 6.69 5.48 2.40
4 Northridge-01 1994 Rinaldi Receiving Sta 0.08 6.69 6.50 1.23
5 Northridge-01 1994 Sylmar - Converter Sta East 0.58 6.69 5.19 3.52
6 Kocaeli, Turkey 1999 Gebze 0.30 7.51 10.92 5.78
7 Landers 1992 Yermo Fire Station 0.10 7.28 23.62 7.50
8 Morgan Hill 1984 Coyote Lake Dam (SW Abut) 0.23 6.19 0.53 0.95
9 Kobe, Japan 1995 KJMA 1.05 6.90 0.96 0.95
10 Kobe, Japan 1995 Takarazuka 0.94 6.90 0.27 1.42

According to this de�nition, a near-fault earthquake
must meet the following three requirements.

� Pulse index must be higher than 0.85;
� Pulse must be formed in the early seconds of velocity

time history;
� PGV of the earthquake record must be higher than

30 cm/sec.

Based on the aforementioned three criteria, 91
earthquake records fall under the category of near-
fault earthquakes [35]. One of the most important
attributes of the near-fault pulses is the velocity pulse
period. Baker proposed to convert the initial acceler-
ation time history to a set of decomposed acceleration
time histories through wavelet analysis. Afterwards,
the acceleration time history with the highest wavelet
transform coe�cient was identi�ed, and subsequently
the velocity response spectrum was obtained using
this acceleration time history. The point at which
spectral velocity in the horizontal direction peaks
would indicate the predominant pulse period. The
�ndings of Baker's study also showed that the pulse
period obtained through the abovementioned method
was close to the pulse period observed in the velocity
time history [35].

According to Baker's proposed method, 10 fault-
perpendicular components were selected among the 91
pulse-type near-fault ground motions, which show the
forward directivity. Details of these records, denoted
by NF-SP, are listed in Table 4.

3.3. Equivalent SDOF system
In this study, the Modal Pushover Analysis (MPA) [36]
method was used to develop the characteristics of the
Equivalent SDOF (E-SDOF) system. Only the �rst
mode of vibration (fundamental mode) was considered.
For this purpose, initially, the natural frequency and
mode shape of steel MRFs was calculated by eigen-
value analysis. Then, the capacity curve (shear-roof

displacement) was developed for the �rst mode force
distribution.

S�1 = m�1; (10)

where, m is the mass matrix of the structure and �1
denotes the �rst mode shape vector. Next, the capacity
curve was idealized as a bilinear pushover curve, called
the elasto-plastic curve. Then, the idealized pushover
curve was converted to a �rst mode force-displacement
(Fs1=L1 � D1) inelastic SDOF system by utilizing
Eq. (11).

FS1

L1
=
Vb1
m�1

; (11)

D1y =
ur1y

�1'r1
; (12)

where, m�1 is the e�ective modal mass and 'r1 is the
value of '1 at the roof, and:

�1 =
�T1 m1

�T1 m�1
: (13)

Finally, the elastic vibration period of the system is:

T1 = 2�

s
L1D1y

FS1y
: (14)

For a SDOF system with known T1 and �1, inelas-
tic demands can be computed by nonlinear response
history analysis or from the inelastic design spectrum.

3.4. Research methodology
Following the initial analysis, design, and determining
the sections, the models introduced in Section 3.1 were
used to generate the practical ratios through analysis.
To this end, initially, the target behavior coe�cient
(Rt;i) was set to 0.25, 0.5, 0.75, and 1 in the elastic
analyses. This coe�cient was considered equal to
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Figure 1. Flowchart of calculating response ratios.

1.5-6 in the inelastic analyses (with 0.5 increments).
Afterward, the eigenvalues, and fundamental periods
were determined. The elastic acceleration response
spectra were also obtained considering a 5% inherent
damping ratio. The yield base shear coe�cient (Cy)
was calculated using the ASCE/SEI 41-13 through
pushover analysis of the MDOF structure. Note that
the coe�cient introduced as the behavior coe�cient
in this study (Rexist;i) was the ratio of the elastic
spectral acceleration to the yield base shear coe�cient
of the MDOF structure (with damping ratio 5%). This
complied with the FEMA440 de�nitions. Values of
Rexit;i and Rt;i were compared, and if their di�erence
was within 1%, the results of time history analyses

would be considered acceptable and, thus, the practical
ratios were calculated. Otherwise, the records were
multiplied by the SF = Rt;i=Rexist;i (earthquake scale
factor) and the time history analysis was repeated
until the required convergence was obtained. Figure 1
depicts the steps of the process presented above.

4. Energy ratios for E-SDOF systems

Among di�erent means of measuring and minimizing
cumulative damage, the energy demand acting on the
structure during earthquakes, as well as the structural
response shown by the structure to absorb and dissi-
pate energy, are of highest importance and e�ciency.
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Figure 2. Ratio of inelastic to elastic total dissipated
energy demands (TDEin=TDEel).

Hence, this study attempted to propose a method for
estimating the peak energy and its relationship with
the MDOF system. The energy response features
resulting from the SDOF analyses are presented along
with the pulse-type near-fault ground motions. These
�ndings would be considered the basis for the distri-
bution of energy in the MDOF structure. Further,
energy demand is determined based on the intensity
and duration of the earthquake. Hence, variations of
R alter the intensity of an earthquake. However, in
order to obtain results that are independent of the
two aforementioned factors, the following diagrams are
de�ned as dimensionless graphs and the applied energy
ratios. These ratios are de�ned separately as follows.

4.1. Ratio of inelastic dissipated energy to
elastic dissipated energy (TDEin=TDEel)

The ratio of the mean total inelastic dissipated energy
to total dissipated elastic energy (TDEin=TDEel) is
presented in Figure 2. The ratio of dissipated energy is
equal to the sum of damping and hysteretic energies at
the end of the ground motion. Evidently, nonlinearity
leads to a considerable increase in TDEin within short
periods. The estimated period corresponding to short
and long periods is 1 second. For periods longer than
1 second, the increase in R (i.e. increased inelastic
deformation) reduces the TDEin demand. When the
period is greater than 2.25 seconds, the calculated
demand ratio is only weakly dependent on the period
value and R. An acceptable correlation is seen between
the abovementioned results and the study conducted by
Seneviratna and Krawinkler [37]. Nevertheless, they
used far-fault ground motion with the period range
reported as 0.4 sec. They also concluded that the
strain-hardening coe�cient has a negligible e�ect on
the total dissipated energy [37].

4.2. Ratio of Hysteretic Energy to Total
Dissipated Energy Demand (HE/TDE)

In structures with low lateral strength, hysteretic
energy dissipation is a mechanism that balances the

Figure 3. Ratio of hysteretic energy to total dissipated
energy demands (HE/TDE).

energy imparted to a structure. This energy is normally
associated with the extent of structural damage. Since
TDE does not considerably depend on the R value
(except in short-period structures), it is relevant to
consider the fraction of TDE, which is hysteretic dissi-
pated energy. Figure 3 illustrates the mean HE/TDE
values for 10 near-fault ground motions. Owing to
the stability of this index, this diagram conforms to
the results obtained in other studies [37,38]. In short
periods, the HE/TDE ratio grows with R, but for T >
1:0 sec., the e�ect of R on HE/TDE ratio diminishes.
With an increase in the period, the HE/TDE ratio
decreases linearly. This reduction is independent of the
R value. A previous study concluded that the strain-
hardening coe�cient has a negligible e�ect on HE/TDE
[37].

5. Relationship between energy demands of
the MDOF and E-SDOF systems

As compared to strength and ductility demands, energy
demand is a more accurate measure of the seismic re-
sponse and structural performance. Hysteretic Energy
(HE) can also properly measure cumulative damage.
Although energy-driven design concepts, which are
di�cult to apply, have not become popular so far, it
is still necessary to assess the dissipation of energy in
structures, especially for structures that are subjected
to a near fault pulse-like earthquakes. The results
obtained from these assessments can contribute to the
development of damage indices. The energy demand
of SDOF systems has been addressed in many studies,
which have led to several acceptable results. The
study conducted by Fajfar and Vidic indicated that
the ratio of HE (Hysteretic Energy) to Input Energy
(IE) at the end of the ground motion is a fairly stable
parameter [38]. In addition, since the input energy
spectra are not very sensitive to the stored restoring
force characteristics, IE is a suitable parameter to
de�ne the design earthquake [2]. However, only a few
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studies have linked this feature to MDOF systems.
As described earlier, the general method to estimate
MDOF system energy using the total elastic dissipated
energy of the SDOF system was considered the basis of
this study. The current section discusses the qualita-
tive and quantitative development of the correlation
between the energy demands of the MDOF system
and the E-SDOF system. The results of the nonlinear
time history analyses and E-SDOF energy demand are
used to calculate the maximum energy demand of the
MDOF system. Note that the energy demand depends
on the duration and intensity of the earthquakes.

5.1. Total Dissipated Energy (TDE) demand
Figure 4 displays the TDE ratio for an elastic system,
in which energy dissipation is caused by 5% damping.
The total dissipated energy demand (TDE) is the sum
of damping and hysteretic energies. In this study, TDE
is calculated at the end of the earthquake. Since, at the
end of recording, the kinetic energy of the structure
is small, TDE is very close to the total input energy.
The TDE results are presented in Figures 5 and 6.
The objective of the graphs is to allow evaluating the
TDE in MDOF systems and as the basis of calculating

Figure 4. TDE ratio of elastic MDOF to elastic E-SDOF
system.

Figure 5. TDE ratio of inelastic MDOF to elastic MDOF
system (relative and absolute TDE).

Figure 6. TDE ratio of inelastic MDOF to elastic
E-SDOF system.

the TDE of the MDOF system via the SDOF energy
spectrum.

The results are presented as the ratio of the
TDEel of the MDOF system to the TDEel of the �rst
mode E-SDOF system. The mean results are shown in
Figure 4. The following observation can be made from
the presented graphs:

� For short period structures, the TDE demand is, on
average, 80% of the TDE demand of the �rst mode
elastic E-SDOF system. This value is close to the
e�ective modal mass of the �rst mode.

� The higher mode e�ect (MDOF e�ect) becomes
important as the period prolongs. Hence, there is
a signi�cant increase in the TDE ratio.

Figure 5 depicts the absolute and relative TDE
demand ratios of the inelastic MDOF system to the
TDE demand of the elastic MDOF system. As can be
observed, the pattern of this graph is very similar to
the case of the E-SDOF system. Also, it is apparent
that inelastic TDE is almost the same as the TDE of
elastic systems, except for short period structures. This
�nding holds true even for high ductility values (i.e. R
factors). In other words, there is a trade-o� between
damping and hysteretic energy.

Another parameter that could be used to assess
the relationship between the TDE demand of MDOF
and E-SDOF systems is the ratio of the TDE demand
of the inelastic MDOF system to the elastic TDE
demand of the E-SDOF system. It means that the
total dissipated energy demand for the MDOF system
is normalized by the TDE demand for the �rst mode E-
SDOF system with the same R-value. The trend of this
ratio over the period is illustrated in Figure 6. It can
be seen that the pattern of this graph is very similar to
the case of the E-SDOF system (Figure 2). It means
that for long period structures, the TDE demand of
the elastic E-SDOF system can be used as the TDE
demand of the inelastic MDOF system. This is an
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Figure 7. Higher mode e�ects (MDOF e�ects) on TDE
demand.

advantage since it is far easier to calculate the TDE
demand for elastic E-SDOF. It means that for practical
applications, while the TDE demand of the inelastic
MDOF system is required, it can be estimated by the
TDE demand of the elastic equivalent SDOF system,
except for short period structures.

The inelastic TDE demand ratio of the MDOF
system to the inelastic TDE demand ratio of the SDOF
system for various R-values is shown in Figure 7.
Similar to the previous sections, the mean results are
presented in this section. For short-period structures,
the TDE demand of the MDOF systems is smaller than
that of the �rst mode E-SDOF system. As the period
increases, the higher mode e�ects become signi�cant,
resulting in ampli�cation of the TDE demand of the
MDOF system. Further, the variations of the TDE
ratio are almost independent of the design strength and
nonlinearity level (R-value).

5.2. Hysteretic energy demand in MDOF
systems

Hysteretic energy demand is a part of the input
energy dissipated by the inelastic behavior of structural
elements. Based on a study conducted by Gerami
and Abdollahzadeh, the Hysteretic Energy (HE) can
be considered a key factor in minimizing expected
structural damage [39]. Hence, in this part of the
paper, the mean HE energy of the 2D steel MRFs of
the present study is depicted and discussed.

In this study, HE is de�ned as a total dissipated
hysteretic energy at each plastic hinge. Figure 8
demonstrates the ratio of hysteretic energy dissipated
energy in the MDOF system to the corresponding
values obtained from an E-SDOF system considering
various R values (level of nonlinearity). These curves
indicate the e�ect of higher modes, degrees of freedom,
and nonlinearity level on the HE demands. For short-
period structures, the HE demand of the MDOF
systems is smaller than that of the �rst mode E-SDOF
system. As the period increases, the higher mode
e�ects become signi�cant, resulting in ampli�cation of

Figure 8. Higher mode e�ects (MDOF e�ects) on HE
demand.

Figure 9. HE/TDE ratio of inelastic MDOF system.

the HE demand of the MDOF system. Further, for a
constant period, the HE ratio is a�ected by the R-value
(nonlinearity level). This e�ect becomes negligible for
long period structures. In other words, increasing R
reduces the e�ect of higher modes.

Both Figures 6 and 7 facilitate the estimation
of the TDE demand of the frame structure using the
SDOF system data under the conditions of pulse-type
near-fault earthquakes with forward directivity.

As such, SDOF data can be used for this purpose.
The HE to TDE demand ratio of MDOF structures
is presented in Figure 9. The overall trend of the
HE/TDE diagram is apparently similar to that of
the HE/TDE for the corresponding E-SDOF system.
Hence, the results of the E-SDOF system can be used
to estimate the HE/TDE ratio for MDOF systems. As
seen in Figure 9, the HE/TDE ratio in the MDOF
system is weakly dependent on the R-vale, except for
R = 2:0.

5.3. Height-wise distribution of hysteretic
energy demand (HE)

Previous sections mainly focused on the hysteresis
(hysteretic energy) of the entire structure. However,
the results obtained in these sections fail to give
an accurate insight into the Hysteretic Energy (HE)
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Figure 10. The story hysteretic energy distributed at height, HEst;i normalized by the total hysteretic energy for R = 2;
3, 4, 6 and 4-, 10-, 15-, 20-, and 30-story frames.

demands over the height of the structure. Hence, the
concept of the story hysteretic energy demand (HEs;i)
is introduced. This parameter can be used to assess
the distribution of structural damage over the height of
the structure. The HEs;i is computed by integrating
the story shear with respect to the inter-story drift.
In order to gain a better statistical understanding of
the accumulation of the story hysteretic energy, the
story HE demand is normalized by the total dissipated
hysteretic energy (HEt), which shows the total HE
energy on each story. Thus, the ratio can be de�ned as
follows:

HEs;iP
HEs;i

=
HEs;i
HEt

: (15)

Figures 10 and 11 reveal the mean values of the
normalized story hysteretic energy over the height. Due
to space limitation, graphs are shown only for R =
2:0, 3.0, 4.0, and 6.0. The vertical axis of all graphs
is dimensionless in order to facilitate a simultaneous
display of the results of di�erent frames. To investigate
the e�ect of R on the pro�le of the dissipated hysteretic
energy, the trend of the HEs;i=HEt ratio in each frame
is plotted. The following observation can be made from
the presented graphs:

� In structures where there is a high possibility of
plastic hinge formation, accumulation of maximum
energy demand is observed in the lower stories;

� In low- and mid-rise frames, the peak HEs;i=HEt
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Figure 11. Story hysteretic energy distributed at height, HEst;i normalized by the total hysteretic energy for 4-, 10-, 15-,
20-, and 30-story frames.
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ratio is inuenced by the higher modes and locates
at the upper stories for R = 2:0 and 3.0. However,
in high-rise frames (15 stories and more), the peak
HEs;i=HEt ratio occurs at the lower oors due
to the nature of near �eld motion and dynamic
instability. Further, for the low- and mid-rise
models, while the R-value increases, the HEs;i=HEt
ratio accumulates in the bottom stories. It means
that the e�ect of the higher modes declines while
the R increases;

� In the upper stories, the HEs;i=HEt ratio dimin-
ishes with an increase in R. On the other hand,
increasing R-value enhances the HEs;i=HEt ratio
in the bottom stories due to the P -� e�ects and
dynamic instability. In high-rise frames, almost
one-third of the height has a similar HEs;i=HEt
ratio pro�le and is not signi�cantly sensitive to R
variations.

5.4. Contribution of hysteretic and damping
energy for MDOF system

If an earthquake does not damage a structure, the
residual strain and kinetic energies are dissipated by
means of damping during its free vibrations. Sub-
sequent to the free vibration of the structure, the
sum of the damping and hysteretic energies equals
the earthquake total input energy. The following
equations are de�ned to calculate the kinetic energy
(Ek), damping energy (E�), and the sum of elastic
and inelastic strain energies (Ese +EK) of the MDOF
structure [5]:

EK =
Z
f _ugT [m] f�ug dt; (16)

E� =
Z �f _ugT [c] f _ug� dt; (17)

Ese + EH =
Z
f _ugT [K] fug dt: (18)

The strain energy consists of elastic and inelastic strain
energy (i.e. hysteretic energy), as shown by Eq. (18).
Elastic strain energy is the part of earthquake input
energy, which is stored as elastic strain in structural el-
ements. This stored energy is transformed to damping
and kinetic energy during free vibrations. Hysteretic
energy is the sum of the energy dissipated due to the
inelastic deformations of the structural elements [5].
Figure 12 displays the percentage of energy dissipated
due to damping and inelastic deformations along with
the input energies for various R-values and three-span
models at the end of vibrations.

According to Figure 12, an increase in R decreases
the contribution of damping energy. Meanwhile, the
degree of reduction depends on the structure height.
For instance, in the case of R = 6, with an increase

Figure 12. Variations of damping, hysteretic, and input
energies contribution for various R-values.

in the height of a structure, the share of damping
dissipated energy increases. The aforementioned e�ect
is due to accumulation of the peak nonlinear demands
of the structure in the lower stories of high-rise build-
ings under pulse type near fault ground motions. This
has been con�rmed in previous studies, such as those
of Gerami and Abdollahzadeh [40]. Hence, as the
contribution of higher modes of vibration declines, the
number of inelastic elements decreases and so the share
of damping energy increases to balance the dissipated
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Table 5. Comparison of the average dissipated energy by damping and hysteresis for various R-values.

Structural model R Earthquake Total dissipated energy
Input energy (kJ) Damping (%) Hysteresis (%)

FRN4B3

2 178 57.5 42.5
3 399 46.3 53.7
4 722 41.2 58.8
6 1802 35.3 64.7

FRN10B3

2 1001 51.9 48.1
3 2389 44.4 55.6
4 4439 41.7 58.3
6 9994 41.4 58.6

FRN15B3

2 1765 52.7 47.3
3 4040 45.0 55.0
4 7039 42.5 57.5
6 14597 42.0 58.0

FRN20B3

2 2669 51.4 48.6
3 5813 46.0 54.0
4 9928 44.9 55.1
6 20265 46.5 53.5

FRN30B3

2 4816 51.1 48.9
3 9967 49.2 50.8
4 16608 49.7 50.3
6 33462 52.2 47.8

energy. However, in the case of R = 2:0, more elements
are transitioned to the inelastic phase due to the e�ect
of higher modes over the height of the structure. The
�ndings of this paper are in agreement with the results
of Gerami and Abdollahzadeh [40] for small R-values.

Table 5 compares the damping and hysteretic dis-
sipated energy where the contribution of the structure
nonlinearity to the dissipated energy can be studied.
The results listed in Table 5 indicate that for the lower
nonlinearity level (i.e. R = 2) in low and mid-rise
structures, the damping energy is almost 10% more
than the hysteretic energy. However, this trend is
reversed with an increase in R. It means, while R-value
grows, the contribution of damping energy diminishes
and the share of hysteretic energy increases. Further,
with an increase in the number of stories (e.g. in the
FRN30B3 frame), the variations of R do not a�ect the
contribution of the dissipated hysteretic and damping
energies. In other words, the e�ects of both energy
dissipation mechanisms are the same.

6. Conclusion

Establishing a rational relationship between MDOF
and corresponding SDOF energy demands, especially
for pulse-type near-fault ground motion, was a major
objective of this paper, which, therefore, distinguishes

the current work from previous studies. The proposed
correlation ratios help in quick evaluation of di�erent
energy demands for steel MRFs without performing
nonlinear time history analysis and with only having
an equivalent SDOF system. Thus, di�erent energy de-
mands, such as Total Dissipated Energy (TDE, elastic
and inelastic), the Hysteretic dissipated Energy (HE),
Damping Energy (DE), and Elastic Strain Energy
(ESE), have been considered. To this end, 3-span with
4-, 10-, 15-, 20-, and 30-story steel MRFs were de�ned.
Nonlinear dynamic analyses were conducted under 10
near-fault earthquakes with forward directivity. In
order to propose practical energy ratios, the inelastic to
elastic total dissipated energy ratio and the dissipated
hysteretic energy to the total dissipated energy ratio
for both MDOF and E-SDOF systems were calculated
and presented. Further, the energy demand of the
MDOF system was normalized with the corresponding
energy demand of the E-SDOF system to consider
the e�ects of higher modes and degrees of freedom.
Finally, the height-wise hysteretic energy demand and
the contribution of hysteretic and damping energy for
steel MRFs were evaluated. According to the results of
the analyses, the following �ndings can be concluded:

� The TDEin=TDEel ratio resulted for the E-SDOF
system was weakly dependent on the period and
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nonlinearity, except for periods shorter than 1 sec.
The same �nding held also true for the HE/TDE
ratio. The trend of the HE/TDE ratio for long
period systems depended on the earthquake energy
content substantially. For instance, if the decline
rate of the mean response spectrum was large within
a longer period, the HE/TDE ratio would diminish
more rapidly;

� The TDE demand of the elastic MDOF structure
was on average equal to 80% of the TDE demand
of the corresponding elastic E-SDOF system. With
an increase in the period, due to the MDOF e�ect,
the TDE ratio (TDEelMDOF =TDEelSDOF ) increased
drastically;

� Evaluation of (TDEinMDOF =TDEelMDOF ) ratio
demonstrated that the dissipated energy in the
nonlinear structure is equal to dissipation of energy
due to damping in the elastic system, except for
short period frames. It means a balance exists
between the damping and hysteretic energy;

� The ratio of (TDEinMDOF =TDEelSDOF ) shows that
the e�ect of MDOF increases the corresponding
TDE of the inelastic MDOF system. On the other
hand, for short period models, the elastic TDE of
E-SDOF is an acceptable estimation. This ratio is
almost independent of the design strength and R-
value;

� The trend of the HE/TDE ratio caused the MDOF
structure to be similar to the corresponding E-
SDOF ratio. Hence, the E-SDOF system ratio is
practical for the MDOF system;

� The height-wise distribution pro�le of the normal-
ized median of maximum values of story hysteresis
energy depends on the nonlinearity level (R-value)
and structure period (height). For instance, shorter
period structures with lower R-values provide peak
normalized hysteresis energy located at the upper
oors. As R-value increased, the median of maxi-
mum values of story hysteresis energy transferred to
the bottom stories and the e�ect of higher modes
disappeared. This �nding is observable for long
period models with di�erent R-values.

A balance between damping and hysteretic energy
was recognizable in all steel MRFs. For instance,
increasing the value ofR led to reduced damping energy
contribution. Further, for short period structures, the
contribution of hysteretic energy was greater than that
of the damping energy.

Nomenclature

Cy Yield base shear coe�cient
EAI Absolute input energy

EH Plastic strain energy
EK Absolute kinetic energy
EKR Relative kinetic energy
ERI Relative input energy
Es Elastic strain energy
E� Damping energy
E � SDOF Equivalent single degree of freedom

system
�1 First mode shape vector
'r1 The value of '1 at the roof and equal

to Rt;i=Rexist;i
HE Hysteretic Energy
HEs;i Story hysteretic energy demand
HEt Total dissipated hysteretic energy
HE/TDE Ratio of hysteretic energy to total

dissipated energy demand
IE Input Energy
m�1 E�ective modal mass
MDOF Multi Degree Of Freedom system
MPA Modal Pushover Analysis
MRF Moment Resistance Frame
PBPD Performance-Based-Plastic Design
PGV Peak Ground Velocity
R Behavior factor
Rexist;i Behavior coe�cient in this study
Rt;i Target behavior coe�cient
SDOF Single Degree Of Freedom system
SF The earthquake Scale Factor
TDE Total Dissipated Energy
TDEel Elastic dissipated energy
TDEin Inelastic dissipated energy
TDEin/
TDEel

Ratio of inelastic dissipated energy to
elastic dissipated energy
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