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Q}F-=D '=yVm |m}t=v}O |oS} w |UQQ@ ut[ VywSB u}= QO "CU= |QwQ[ |Qt= 'xR=U
Ot=U@ QO |QwLt |wQ}v w |WtN w |QwLt |DNU 'Vm Q}D pw] '|y=ox}mD \}=QW

=@ Q_=vDt Q}D OwHwt |QwLt |wQ}v OQw;Q@ |=Q@ |OQ@ Q=m |=yh=Qo w |@=} RQ= u; |W=aDQ=
|wQ}v 'swrat=v |y=ox}mD \}=QW |=Q@ |iQ] R= "CU= xOW x}yD hrDNt |y=ox}mD \}=QW
|NQ@ QO GQOvt |y=oW}=tR; Q}O=kt =@ |r}rLD VwQ R= pY=L |WtN |DNU w |QwLt
QO QwmPt |=yQDt=Q=B Q}F-=D |xOvyOu=Wv 'xOt;CUOx@ G}=Dv "CU= xOW xU}=kt [1]C=k}kLD
|r}rLD VwQ R= pY=L |WWm w |Q=Wi |QwLt |wQ}v |iQ] R= "CU= Q}D |rY= Ot=U@
=@ u}vJty "CU= xO=O u=Wv =Q |@ wN j@=]D [1]x@=Wt |=yVywSB |y=oW}=tR; G}=Dv =@

pt=m |Q=OQ}o \}=QW R= Q}D |=yDv= wO |WtN |DNU '|Q=Wi |QwLt |wQ}v V}=Ri=
|wQ}v R= |rw@k p@=k ?} QkD Ov=wD|t lQ=tw}v |O=yvW}B |x]@=Q xwqax@ "OQ}o|t xrY=i
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'|WtN |DNU '|y=ox}mD \}=QW '|W=aDQ= Ot=U@ 'Vm u=tr= %|O}rm u=oS=w
"|QwLt |wQ}v

xtOkt "1
'syORwv uQk x@ jraDt |N} Q=D u=tDN=U l} |wQ Q@ =yVywSB G}=Dv "OwW|t u}t-=D
"CU= xOQm C=@F= =Q hkU |=yxv=yO Twk pY=i OL QO =yVm OwHw Q}F-=D |@ wNx@
CU= xDmv u}= O} -wt |N} Q=D |=yu=tDN=U QDW}@ QO xDiQoCQwY |=y|UQQ@
Q}D QO "Ov=xOW xDN=U sm C}i}m =@ Oqwi w ?wJ R= ,qwtat |Q=yt |=yu=tr= u}= xm
C=}rta xDWPo QO =Q} R 'CU= j}kO w s_vt pmW l} Ok=i u; `]kt '|Oqwi Vm
O}rwD Ov}=Qi QO xDiQW}B |SwrwvmD Ow@v p}rO x@ "OvO=O|t s=Hv= u=Qovy; =Q Oqwi OQwv
u}= p=YD= |xwLv 'Qo}O |xDmv "Ov=xOw@|i=m|WWmCtw=kt Ok=i =yu=tr= u}= 'Oqwi
,qwtat xm 'CU= xDW=O OwHw XwYNu}= QO|irDNt |=ysQi "CU= Twk x@ =yu=tr=
`=wv= uOw@TQDUO QO p}rO x@ xRwQt= "CU= xOw@ Q=OQ}o p=YD= x}@W =yu; sR}v=mt
|Q=yt u=tr= u=wvax@ `@ Qt =} xQ}=O `]kt R= ,qwtat |v=tDN=U w |DavY |=yp}iwQB
QO =DvwU; =} Q=t |N} Q=D |=v@ uwJty |irDNt |=yxvwtv x@ u=wD|t "OwW|t xO=iDU=
xQ=W= =}r=D}= QO wQwt p= wm}OwOwr |=v@ w n =QB QO wqU}Oqw QYk u=tDN=U 'p=eDQB
"�1 pmW� CU= xOW xO=iDU= `@ Qt `]kt =@ |Q=yt u=tr= R= =y=v@ u}= |t=tD QO "OQm

|@v=H |Q=O}=B u}t-=D |=Q@ |N} Q=D |=yu=tDN=U QO R=@ Q}O R= =yVm R= xO=iDU=
xDW=O OQ@ Q=m O=@ w xrRrR uwJty |@v=H |=yQ=@ ,=[a@ w T} wQU |=yQ=@ Q@=Q@ QO Twk
w OQ=O C}ty= Q=}U@ |}xQwO CQwYx@ =yu=tr= u}= sw=Ot |UQR=@ u}=Q@=v@ "CU=
|wQ}vVy=m =@CU= |y}O@ "CU= |QwQ[ |Qt= =yv; QO OwHwt |QwLt |wQ}v u}}aD
w V}=Ri= Twk |@v=H CmQL xm OwW|t KQ]t xr�Ut u}= 'OwHwt |WWm |QwLt
CQwY QO |iQ] R= "O@=}|t Vy=m Twk CmQL x@ u=tr= |WWm |wQ}v u; p=@vOx@
p}rO x@ w OQ}o|t pmW Twk Q@ OQ=w |wQ}v |ki= |xir-wt 'Twk uQ=kDtQ}e CUWv
R= |WN@ =} xR=U |xawtHt '|QH; |=yTwk QO xLiYuwQ@ sm |WtN |DNU
xO=iDU= q=@ |WWm Ctw=kt =@ |ki= u=tr= l} Qo = "OwW|t |oDN}Uo Q=JO u;
xR=U |Q=O}=B |awv x@ w OwW|t ptLD u; \UwD xDiQopmW uR=wDt=v |wQ}v 'OwW

pw�Ut xOvU} wv �
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|=Q@ w |R=UpOt u=tr= |=yDv= wO QO |WJ}B |=yQvi h} QaD =@ xO=U QU wO
|=]N `@=D |R=Uxv}tm Q@ |vD@t xm '|OOa |=yVwQ R= |QwLt |wQ}v u}}aD
'|O=yvW}B pOt CLY |@=} RQ= |=Q@ TBU "CU= xOW xO=iDU= 'CU= |D=@U=Lt
=HQO V}=tR; G}=Dv =@ pY=L G}=Dv 'OwOLt <=RH= Q=Ri=sQv QO pOt CN=U ut[
|WWm |QwLt |wQ}v '1995 p=U QO |Qo}O VywSB QO [7]"CU= xOW pQDvm
R= w '|vRw C=a@ Qt |xv}tm u}tND ltm x@ w Q}D |W=aDQ= pw= Ot=U@ 3 T=U=Q@
|=yOt=U@ R= xO=iDU= =@ |QwLt |DNU w |WtN |DNU '|WWm |wQ}v |iQ]
[16]"CU= xOW x@U=Lt |m}t=v}O X}NWD VwQ s=Hv= =@ w |Q=yt u=tr= |a}@]
x=Qty x@ xO=U QU wO CQwYx@ Q}D |y=ox}mD \}=QW 2006 p=U QO u}vJty
Q=m R= pY=L G}=Dv =@ G}=Dv CLY w |R=UpOt =yDv= wO QO |WJ}B |=yQvi
xOW s=Hv= xv}tR u}= QO R}v |Qo}O |=yVywSB [8]"CU= xOW pQDvm |y=oW}=tR;
|wQ}v |x@U=Lt |=Q@ '2010 p=U QO |WywSB QO sy |Qo}O VwQ [20�17]"CU=
p=ta= =@ u; QO xm 'CU= xOW x�=Q= V}=tR; s=Hv= pLt QO Q=yt |WWm |QwLt
|Ot=U@ MU=B `@=D ltm x@ V=aDQ= |a}@] Ot=U@ u}rw= 'VmJ \UwD x@ Q[
Q}F-=D '|rta w |Qw�D G}=Dv u}@ hqDN= |yOuRw VwQ ltm x@ TBU w x@U=Lt
VwQ ha[ x]kv u} QDsyt "CU= xOW xO=O Vy=m Ot=U@ QO pwyHt |=yQDt=Q=B
|xOQDUo sHL |x@U=Lt OvtR=}v xm 'CU= |R=Uxv}tm Ov}=Qi uOw@ Q}oCkw 'QwmPt
V}=tR; u}= R= =HQO |xO=iDU= C}r@=k u; |oS} w u} QDsyt "CU= xS} w Q=Okt |xr�Ut

[21]"CU=
|WWm |QwLt |wQ}v Q}F-=D '=RHt R=i wO QO =D CU= xOW VqD VywSB u}= QO
R= hrDNt |=yQDt=Q=B QF= w |UQQ@ Vm Q}D |m}t=v}O |=yxYNWt QO |Q=Wi w
|W=aDQ= Ot=U@ QO |QwLt |wQ}v w |y=ox}mD \}=QW 'pw] '`]kt K]U %p}@k
QO "CU= xOW xO=iDU= |rwvQ@ � Qr} w= pOt R= Q}D |R=UpOt |=Q@ "OwW |@=} RQ=
R= l} Qy QF= 'CU= xDiQo Q=Qk |WWm |QwLt |wQ}v QF= CLD Q}D xm 'pw= R=i
x�=Q= |}=RHt |=yh=Qo ?r=k QO G}=Dv w |UQQ@ xv=o =OH Qw] x@ xOWQmP OQ=wt
|x@U=Lt |=Q@ "CU= xOW p}rLD =RHt |xvwtv 270 CyH u}O@ "CU= xOW
\UwD TENFREQ s=v =@ MATLAB QO |}xt=vQ@ 'hrDNt |=yQDt=Q=B QF=
xOW xU}=kt [22]'SAP2000 Q=Ri=sQv =@ u; G}=Dv w VQ=ov 'Q=DWwv u}= u=oOvQ=ov

"CU=
|wQ}v Q}F-=D '[1]`HQt R= xOt;CUOx@ V}=tR; G}=Dv R= xO=iDU= =@ swO R=i QO
w |UQQ@ |r}rLD \@=wQ ltmx@ u; |x@U=Lt Ov};Qi w |WWm w |Q=Wi |QwLt
|xDmv "CU= xOW xU}=kt '[1]`HQt |=HQO V}=tR; R= xOt;CUOx@ Q}O=kt =@ G}=Dv
'CU= xOW ZQi swrat=v Q}D |=yDv= wO |WtN |DNU R=i u}= QO xmv}= syt Q=}U@
x=ov; "CU}v XNWt |}=yDv= |y=ox}mD \}=QW 'OwHwt Cq=L R= |Q=}U@ QO =Q} R
|DNU 'QwmPt `HQt |y=oW}=tR; G}=Dv R= xO=iDU= =@ w |r}rLD \@=wQ ltm x@
wO w pYit QU wO |OL \}=QW =@ w x@U=Lt Q}D |=yDv= wO |WJ}B � |WtN
w |r}rLD G}=Dv u}@ |D=@U=Lt |=]N |iQ] R= "CU= xOW xU}=kt Q=OQ}o QU
G}=Dv "CU= xOW x@U=Lt |r}rLD \@=wQ CLY C=@F= CyH '[1]`HQt |y=oW}=tR;
'pw] '`]kt K]U |=yQDt=Q=B R= Q}D Ot=U@ xHwD p@=k |Q}PB Q}F-=D O} -wt xOt;CUOx@
QO |QwLt |wQ}v Q}F-=D 'Q}D pw] V}=Ri= =@ "CU= |QwLt |wQ}v w |y=ox}mD \}=QW
Q=OQ}o x@ pYit R= |y=ox}mD \}=QW p}O@D |iQ] R= "O@=}|t Vy=m Ot=U@ Q}}eD
QO Q=OQ}o |y=ox}mD \}=QW |=Q@ u}vJty "CU= xOW |W=aDQ= Ot=U@ V}=Ri= Ea=@
Ot=U@ V}=Ri= Ea=@ C@=F |QwLt VvD l} |=Q@ Q}D `]kt K]U V}=Ri= '=yDv= wO
\@=wQ R= pY=L Q}O=kt =@ '[1]`HQt |y=oW}=tR; G}=Dv |xU}=kt |iQ] R= "CU= xOW

x@ u; |}=yDv= p=YD= \}=QW x=Qty x@ Q=yt Q}D u=tr= OQ@ Q=m R= |}=yxvwtv "1 pmW
"Qw=Ht |=yQ=w}O

QO |WWm |QwLt |wQ}v |x@U=Lt 'CU= xOW xDio QDW}B xm xvwou=ty
O=yvW}B |irDNt |=yVwQ Qw_vt u}O@ "OQ=O |}q=@ Q=}U@C}ty= '|Q=yt |=yu=tr=
s=Hv= j} Q] R= u=tr= |W=aDQ= C=YNWt |@=} RQ= Q@ |vD@t ,=DOta xm 'CU= xOW
VvQm C@F 'G}=Q |=yVwQ R= |m} [8�1]"OvDUy pLt QO ?QNtQ}e |=yV}=tR;
QO RmQtDt Q=@ p=ta= ut[ '2001 p=U QO |WywSB QO ,qFt "CU= u=mtQ}}eD w
hrDNt `]kt 3 QO xv}tm VvQm C=Q}}eD MQv w u=mtQ}}eD |xir-wt 3 'Q}D |xv=}t
xOW x@U=Lt Q}D |QwLt |wQ}v |v=UWm |Qw�D l}Uqm \@=wQ =@ w C@F Q}D
swrat Q}D |y=ox}mD \}=QW w x}yD |y=oW}=tR; pOt 'G}=Dv CLY O}}-=D |=Q@ "CU=
\}=QW =@ |v=QL@ |Q=Wi |QwLt |wQ}v |x@U=Lt |iQ] R= [9]"CU= xOW ZQi
QO u}vJty "CU= xOW xOy=Wt |WywSB |=yQ=m |NQ@ QO R}v swrat=v |y=ox}mD
hrDNt |=ywQ}v QF= CLD Q}D RmQt QO pmWQ}}eD |x@U=Lt ut[ '=yVywSB |NQ@
'|Q=Wi |QwLt |wQ}v x@ R}N C@Uv Q@=Q@ QO Q}D pmWQ}}eD Q=Owtv s}UQD w |Q=Wi
QO |Qo}O VywSB QO [11w10]"CU= xOW x@U=Lt |Wv=tm |v=QL@ |wQ}v Q}O=kt
Ot=U@ '|Q=Wi |QwLt |wQ}v V}=Ri= =@ xm ẁ[wt u}= x@ O=vDU= =@ '1952 p=U
|v=QL@ |wQ}v 'CU= |]N |QwLt |wQ}v =@ Ot=U@ |x]@=Q w xDi=} Vy=m Q}D
|y=ox}mD \}=QW OQ=wt |t=tD QO xmv}= syt |xDmv [12]"CU= xOW x@U=Lt |Wv=tm
'|O=yvW}B |=yVwQ R= Qo}O |m} [15�13]"Ov=xOW h} QaD swrat QDt=Q=B l} u=wvax@
C@Uv uwtR; u}= |oS} w u} QDsyt "CU= ?QNtQ}e |m}t=v}O V}=tR; R= xO=iDU=
|DNU w |y=ox}mD \}=QW QF= u=wD|t u; ltm x@ xm CU= u}= |m}D=DU= VwQ x@
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xOW |Ov@s}UkD VN@ wO QO VywSB Ov}=Qi 'CU= xOW QmP xtOkt QO xm xvwou=ty
p}rLD Cr=L u}= QO "CU= swrat p@k R= Q}D |y=ox}mD \}=QW pw= R=i QO "CU=
\}=QW 'pw] '`]kt K]U %uwJty |irDNt |=yQDt=Q=B QO Q}}eD =@ Ot=U@ C}U=UL
l}D=tW Q} wYD '3 pmW QO "CU= xOW s=Hv= |WWm |QwLt VvD w |y=ox}mD
\w@ Qt C=YNWt '1 pwOH QO |iQ] R= "CU= xOW xO=O V}=tv l} R=i |=ypOt

"CU= xOW x�=Q= xO=iDU= OQwt |=ypOt R= l} Qy x@

|Q=Wi |Wv=tm |v=QL@ |wQ}v u}vJty "CU= |r}rLD \@=wQ Q=@Da= O} -wt |r}rLD
CUOx@ [1]`HQt V}=tR; R= xm u; =@ Q_=vDt Q=Okt =@ |Qw�D |x]@=Q R= xOt;CUOx@
|DNU 'sm |QwLt |wQ}v Q}O=kt |=Q@ |iQ] R= "OQ=O |R}J=v hqDN= 'CU= xOt;
|y=oW}=tR; G}=Dv R= xO=iDU= =@ |r}rLD \@=wQ R= xOt;CUOx@ Q}D |=yDv= wO |WtN
j@]vt ,=@} QkD Q=OQ}o |=yDv= wO |OL \}=QW |=Q@ u; =@ Q_=vDt Q=Okt =@ [1]`HQt
|r}rLD |x]@=Q R= xOt;CUOx@ Q}O=kt |=]N |QwLt |wQ}v V}=Ri= =@ =t= &CU=
=@ |}=vW; |=Q@ VN@ u}= |=yDv= QO "O@=}|t V}=Ri= |OL Q}O=kt =@ xU}=kt QO
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WQ
F="1 R=i QO xO=iDU= OQwt |=ypOt |Q=Pos=v w C=YNWt "1 pwOH

|QwLt VvD |v=UWm pOt sHL OL=w sQH p}iwQB ZQa p}iwQB `=iDQ= s=v Q}D pw] h}OQ
(Mpa) (Gpa) (kg/m3) (cm) (cm) `]kt (m)

'50 '10 '0 210 785 40
10 A1

8 w 4 '2
1

200 w 150 '100
20 A2 2
30 A3 3
40 A4 4

"2 R=i QO xO=iDU= OQwt |=ypOt |Q=Pos=v w C=YNWt "2 pwOH
Ld Ls L |v=UWm pOt `]kt C}y=t h}OQ
(m) (m) (m) (Gpa) (mm) wQ}v
0 985 0 797 3 625 196 20 Q]k x@ xQ}=O |WWm 1
0 56 0 5 2 38 206 80�30�3 x@aH |Q=Wi 2

%CU= 1
@4�(x; t)
@x4 � T @2�(x; t)

@x2 + �m
EI

@2�(x; t)
@t2 = P (x; t) (1)

QO xr�Ut Qo = "CU= hwQat Q}eDt l}miD x@ 'p}Uv=Qi}O |xrO=at u}= pL |xw}W
%Ov};|t CUOx@ 3 w 2 pkDUt |xrO=at wO 'OwW |UQQ@ O=R; V=aDQ= Cr=L

d4�(x)
dx4 � �2 d2�(x)

dx2 � �4�(x) = 0 (2)

d2Y (t)
dt2 + !2Y (t) = 0 (3)

u}= QmP p@=k |xDmv "CU= �4 = !2 �m=EI w �2 = P=EI '2 |x]@=Q QO
Owt pmW QO |WWm |QwLt |wQ}v xm OyO|t u=Wv 2 |x]@=Q |UQQ@ xm CU=
R= |m} xar=]t u}= QO xm =Hv; R= "CU= Q=PoQ}F-=D Q}D |W=aDQ= |=yOt=U@ w |W=aDQ=
Q@ C=@U=Lt s=tD u}=Q@=v@ 'CU= Q}D |W=aDQ= |=y|oS} w |x@U=Lt 'VywSB h=Oy=
|x]@=Q CQwYx@ QwmPt |xrO=at l}Uqm pL "CU= Q=wDU= 2 |xrO=at pL |=v@t

%CU= 4

�(x) = A cos(�x) +B sin(�x) + C cosh("x) +D sinh("x)

(4)

%Ov};|t CUOx@ 6 w 5 |=yx]@=Q R= " w � u; QO xm

� =

vuut0 5�2
 r

1 + 4
��
�

�4 � 1
!

(5)

" =

vuut0 5�2
 r

1 + 4
��
�

�4
+ 1
!

(6)

|RQt \}=QW Q}F-=D w pOt |W=aDQ= Owt pmW w Ot=U@ |xrO=at "3"2
QO hrDNt |RQt \}=QW QF= O}=@ |Owt |=ypmW w =yOt=U@ |x@U=Lt Qw_vtx@
Ot=U@ |x]@=Q 'xO=U QU wO Q}D \}=QW |=Q@ p=Ft Qw] x@ "OwW OQ=w 4 |xrO=at

"|y=ox}mD \}=QW =@ Q}D "3 pmW

"|WWm w |Q=Wi |QwLt |wQ}v QF= CLD swrat=v |y=ox}mD \}=QW =@ Q}D "4 pmW

G}=Dv R= xOt;CUOx@ Q}O=kt =@ |r}rLD\@=wQCLY |@=} RQ= Qw_vtx@ swO R=i QO
|y=ox}mD \}=QW |=Q@ |WWm w |Q=Wi |wQ}v Cr=L wO QO '[1]`HQt |y=oW}=tR;
C=YNWt |iQ] R= "CU= xOW xO=iDU= 4 pmW QO xOWxO=O V}=tv Q}D R= 'swrat=v

"CU= xOW x�=Q= 2 pwOH QO =yQ}D

VywSB pOt |�RH p}Uv=Qi}O |xrO=at "2"2
Q@ Owta CN=wvm} Q}e |xOQDUo Q=@ QF= CLD xO=U QU wO Q}D l} xm O}vm ZQi
=@ "CU= xOW OQ=w CN=wvm} |WWm |wQ}v wO 'Q}D u}iQ] x@ w `k=w Q}D |rw] QwLt
|Q}oQ=mx@ =@ '�OwW Q_vhQY |WQ@ pmWQ}}eD R=�CU= |rwvQ@ � Qr} w= Q}D xmv}= ZQi
|x]@=Q CQwYx@ xR=U CmQL Q@ sm =L |�RH p}Uv=Qi}O |xrO=at 'uwDr}t=y pY=
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t %O};|t CUOx@ 17 =D 15 \@=wQ R= �4 |r= �1 'u; QO xm
�1 = sin(�) sinh(0 5")� sin(0 5�) sinh(") (hr=15)

�2 = sin(�) sinh(0 5")� sin(0 5�) sinh(") (?15)

�3 =2[cos(0 5�)� cosh(0 5")] � [� cos(0 5�) sinh(0 5")
� " sin(0 5�) cosh(0 5")] (16)

�4 =�[cos(�) sinh(0 25")+sinh(0 75")�cos(0 25�) sinh(")]

+"[cosh(") sin(0 25�)+sin(0 75�)�cosh(0 25")sin(�)]

(17)

Q}D pw] �75 w �50 '�25 pQDvm \=kv QO pw= |W=aDQ= Owt |xir-wt Qo = 'u}=Q@=v@
=Q Q}D |=yDv= wO |WtN |DNU u=wD|t 17 |r= 14 \@=wQ ltm x@ 'OW=@ swrat
CU= sRq 17 |r= 15 \@=wQ R= xO=iDU= |=Q@ xm CU= |Qw;O=} x@ sRq "OQm x@U=Lt
u=tRsy Qw]x@ 19 w 18 |xrO=at wO R= Q=m u}= |=Q@ "OvW=@ swrat " w � Q}O=kt

%OwW|t xO=iDU=
�1 + �3

�2
= 1 + 2 cos(0 25�) cosh(0 25")

cos(0 25�) + cosh(0 25") (18)

"2 = �2 + n2; (hr=19)

n = (�L)2 (?19)
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|=Q@ w |WWm |QwLt VvD hrDNt Q}O=kt <=R= x@ TBU "CU= xOW xDiQo Q_v QO
C=@U=Lt G}=Dv "CU= xOW x@U=Lt Q}D Ot=U@ 'swrat w hrDNt |y=ox}mD \}=QW
R= '5 pmW QO xOWx�=Q= |=yQ=Owtv |UQQ@ =@ "CU= xOW xO=O u=Wv 5 pmW QO
QU wO R= |y=ox}mD \}=QW Q}}eD =@ xm CU= G=DvDU= p@=k ẁ[wt u}= |i}m x=oO}O
s=tD |=Q@ u; C=Q}}eD MQv xm 'CU= xDi=} V}=Ri= Q}D Ot=U@ 'Q=OQ}o QU wO x@ pYit
'Q}D `]kt K]U V}=Ri= =@ u}vJty "CU= u=Um} |WWm |QwLt |wQ}v Cq=L

%CU= 8 w 7 |=yx]@=Q CQwYx@ (�(x)) |W=aDQ= Owt pmW w (!n)

!n = n�
r
n2�2EI

�mL4 + T
�mL2 n = 1; 2; 3; ::: (7)

�(x) = B sin(�x)f1 + �2

"2 g (8)

|x@U=Lt |=Q@ K} QY pwtQi l} 'xO=U QU wO |y=ox}mD \}=QW =@ Q}D |=Q@ 'u}=Q@=v@
u=wD|tv|y=ox}mD\}=QW Q}=U |=Q@ =t= "CU= C=@F= p@=k|W=aDQ= Owt pmW w Ot=U@
|RQt \}=QW `=wv= x@ \w@ Qt G}=Dv |xYqN 'xt=O= QO "OQm x�=Q= K} QY pwtQi
xDW=O xO=U QUl} � Q=OQ}o QUl} |RQt \}=QW Q}D Qo = "CU= xOW x�=Q= ptDLt

%CU= 9 |x]@=Q CQwYx@ u; Ot=U@ |xrO=at 'OW=@
"�2 cosh("L) sin(�L)� "2� cos(�L) sinh("L)

+ "3 sin(�L) cosh("L) = 0 (9)

R= O}=@ u; pL |=Q@ w CU= Ot=U@ |rY= pwyHt '9 |x]@=Q QO xm CU= |y}O@
VwQ ltm x@ 9 |xrO=at pL VywSB u}= QO "OwW xO=iDU= |OOa |=yVwQ
'OwW ZQi Q=OQ}o 'Q}D QU wO |RQt \}=QW Qo = "CU= xDiQ}PB s=Hv= uwUi=Q � uDw}v

%Ow@ Oy=wN 10 |x]@=Q CQwYx@ Ot=U@ |xrO=at
2"�(1� cosh("L) cos(�L)) + ("2 � �2) sin(�L) sinh("L) = 0

(10)

"CU= xOW xO=iDU= uwUi=Q � uDw}v |OOa |=yVwQ R= R}v QwmPt |xrO=at pL |=Q@
QO hrDNt |=yQDt=Q=B Q}F-=D |UQQ@ w '10 w 9 CqO=atxDUO u=tRsy pL Qw_vt x@
xm 'CU= xDi=} VQ=ov TENFREQ s=v =@ ?rDt Q=Ri=sQv QO Om l} 'Q}D Ot=U@
"CU= xO}UQ C=@F= x@ SAP2000 Q=Ri=sQv =@ Om u}= G}=Dv |xU}=kt =@ u; CLY
|wQ}v |x@U=Lt |=Q@ xm |}=HQO |=yV}=tR; O=vDU= x@ w |ak=w \}=QW QO
C=[wQit x@ C@Uv |y=ox}mD \}=QW ,=twta 'CU= xDiQo s=Hv= |WWm =} |Q=Wi
QO pt=m pYit =} pt=m |Q=OQ}o ZQi |DQ=@ax@ "CW=O Oy=wN Cw=iD |r}rLD
CyH u}ty x@ "CU= Cw=iDt 'O};|t CUOx@ V}=tR; R= xJv; =@ |r}rLD C=@U=Lt
|=Q@ |RQt \}=QW 'Oa)@ uwO@ C=YDNt R= xO=iDU= =@ |r}rLD \@=wQ =@ |}=vW; |=Q@

%Ow@ Oy=wN 12 w 11 \@=wQ CQwY x@ |y=ox}mD swrat=v |DNU
�(0) = 0; (hr=11)

�00(0)� �0�0(0) = 0 (?11)

�(1) = 0; (hr=12)

�00(1)� �1�0(1) = 0 (?12)

%O};|t CUOx@ 13 |x]@=Q R= �1 w �0 '=yu; QO xm
�0 = K0L

EI
; (hr=13)

�1 = K1L
EI

(?13)

ltmx@ "CU= Q}D |=yDv= wO |WJ}B � |WtN Qvi C@=F 'K1 w K0 'u; QO xm
'�25 C}akwt QO �1 w �0 |=yQDt=Q=B '12 w 11 \@=wQ QO GQOvt |RQt \}=QW

%CU= 14 |x]@=Q CQwYx@ Q}D AJ CtU x=ox}mD R= Q}D pw] �75 w �50
�0 = �(�2 + "2)�1(�1=�2)� �2

�3(�1=�2)� �4
; (hr=14)

�1 = �(�2 + "2)�1(�3=�2)� �2
�3(�3=�2)� �4

(?14)
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G}=Dv R= xO=iDU= =@ xm CU= xO=O u=Wv G}=Dv R}v swrat=v |y=o x}mD \}=QW |=Q@
|y=oW}=tR; w |r}rLD \@=wQ |QwLt |wQ}v u}@ |@ wN j@=]D '[1]`HQt =HQO uwtR;
x@ C@Uv |Q=Wi w |WWm |QwLt |wQ}v |x@U=Lt QO =]N |xv}W}@ "OQ=O OwHw
|=Q@ |iQ] R= "CU= xOW OQw;Q@ �5 5 w �12?}DQDx@ '[1]`HQt |y=oW}=tR; Q}O=kt
|DNU 'AJ CtU x=ox}mD QO |WWm |QwLt |wQ}v =@ swrat=v |y=ox}mD \}=QW
x=ox}mD |=Q@ =t= &CU= xOt; CUOx@ Q=OQ}o QU wO |OL Cr=L x@ l}ORv |WJ}B Qvi
xJv=vJ u}vJty "CU= |OL Q}O=kt R= QDW}@ Cq=L QDW}@ QO |DNU 'CU=Q CtU
'Q}D AJ CtU x=ox}mD QO wQ}v QF= |x]kv QO 'OW=@ |Q=Wi CQwYx@ |QwLt |wQ}v
xm CU= xOt; CUOx@ Q=OQ}o QU wO |OL Cr=L R= QDtm xQ=wty |WJ}B Qvi |DNU
"�|UOvy |DNU� CU= Q}D |DNU Vy=m QO |Q=Wi |QwLt |wQ}v Q}F-=D p}rO x@
|wQ}v p=ta= pLt R= x=ox}mD |i=m |xrY=i p}rO x@ 'CU=Q CtU x=ox}mD QO =t=
xOt; CUOx@ Q=OQ}o QU wO |OL Q}O=kt Q@=Q@ ,=@} QkD Cq=L QDW}@ QO |DNU '|Q=Wi
\}=QW |=Q@ lQ=tw}v |x]@=Q R= xOt;CUOx@ |Wv=tm |QwLt |wQ}v |x@U=Lt "CU=
u=Wv '[1]`HQt V}=tR; QO xOWx�=Q= Q_=vDt Q=Okt =@ u; |xU}=kt w swrat=v |y=ox}mD
'=yu; u}@ u}vJty w CU= Q=QkQ@ Q=Okt wO u}= u}@ |@ wN j@=]D xm CU= xO=O

"OQ=O OwHw �3 1 |xv}W}@ hqDN=

Q=Okt =@ |r}rLD VwQ x@ |Wv=tm |Q=Wi |QwLt |wQ}v |xU}=kt "5 pwOH
[1]"`HQt |y=oW}=tR;

Error NCrE NCrA;Avg NCrA
�

L Case

��� (KN) (KN) (KN) (M) No.

3 096 93 1 96 07

95 711 2 8142

2 38

1
95 894 2 8196 2
96 105 2 8258 3
96 758 2 8450 4
95 907 2 8200 5
96 071 2 8248 6

|Q}oxH}Dv "5
|=yQ}D |m}t=v}O Q=DiQ QO QF-wt |=yQDt=Q=B |@=} RQ= |x}rw= hOy 'VywSB u}= QO
pw] %Ovv=t |irDNt pt=wa R= Q}D Ot=U@ |Q}PBC}U=UL |r}rLD |xar=]t w Vm
=} |Q=Wi R= sa= |QwLt |wQ}v ẁv 'swrat=v |y=ox}mD \}=QW 'Q}D `]kt K]U 'Q}D
VqD |iQ] R= "CU= xOWh} QaD xv=o =OH R=i wO QO |QwLtVvD |xR=Ov= w |WWm
|y=oW}=tR; G}=Dv =@ |Qw�D \@=wQ |x}=B Q@ |r}rLD G}=Dv |UQQ@ =@ =D CU= xOW
u} QDsyt 'xt=O= QO "OQ}PB s=Hv= l} Qw�D \@=wQ |HvUCLY '[1]`HQt R= pY=L
xm CU= xO=O u=Wv xar=]t u}= "CU= xOW x�=Q= VywSB u}= R= pY=L |=yOQw=DUO
|QwLt |wQ}v <=R= x@ lJwm `]kt K]U =@ Q}D |=yDv= wO |y=ox}mD \}=QW QO Q}}eD
=@ u}vJty "CW=O Oy=wNv |UwULt Q}F-=D Q}D |W=aDQ= Ot=U@ V}=Ri= QO 'x@=Wt
Ea=@ x=ox}mD ẁv Q}}eD 'OwW ZQi C@=F |QwLt VvD Qo = '`]kt K]U V}=Ri=
K]U QO |iQ] R= "O@=} V}=Ri= pYit QU wO Cr=L x@ C@Uv Q}D Ot=U@ xm OwW|t
\}=QW |=Q@ |QwLt VvD V}=Ri= =@ u=tRsy Ot=U@ C=Q}}eD OvwQ 'lJwm `]kt
QO "CU= T=UL |QwLt VvD V}=Ri= x@ C@Uv w |]NQ}e 'hrDNt |y=ox}mD
MQv '|@=NDv= `]kt K]U u} QDnQR@ =@ Q=OQ}o QU wO Q}D QO xvwtv Qw]x@ xm |r=L

"CU= |]N |QwLt VvD V}=Ri= Q@=Q@ QO Ot=U@ C=Q}}eD
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